Abstract. The following problem was proposed as Problem 18.57 in [4] by D. V. Lytkina: Let G be a finite 2-group generated by involutions in which OEx; u; u D 1 for every x 2 G and every involution u 2 G. Is the derived length of G bounded? The question asks for an upper bound on the derived length of finite 2-groups generated by involutions in which every involution (not only the generators) is left 2-Engel. We negatively answer the question.
Introduction and result
The following problem was proposed as Problem 18.57 in [4] by D. V. Lytkina: Question 1.1. Let G be a finite 2-group generated by involutions in which OEx; u; u D 1 for every x 2 G and every involution u 2 G. Is the derived length of G bounded? Question 1.1 asks for an upper bound on the derived length of finite 2-groups generated by involutions in which all involutions of the groups (not only the generators) are left 2-Engel elements. We negatively answer the question. In the proof we need some well-known facts about groups of exponent 4.
It is known that groups of exponent 4 are locally finite [7] and the free Burnside group B of exponent 4 with infinite countable rank is not solvable [6] . In [1] it is proved that the solvability of B is equivalent to the solvability of the group H defined as follows: Let H be the freest group generated by elements ¹x i W i 2 Nº with respect to the following relations: Therefore H is a non-solvable group of exponent 4 generated by involutions x i (i 2 N/. Note that relation (2) above is equivalent to saying that x i is a left 2-Engel element of H , that is, OEx; x i ; x i D 1 for all x 2 H . We do not know if H has the property requested in Question 1.1, that is, whether every involution u 2 H is a left 2-Engel element of H . Instead, we find a quotient of H which is still non-solvable but satisfies the latter property. This quotient of H will provide a counterexample for Question 1.1. To introduce the quotient we need to recall some definitions and results on right 2-Engel elements.
For any group G, let R 2 .G/ denote the set of all right 2-Engel elements of G, i.e.
It is known from [3] that R 2 .G/ is a characteristic subgroup of G. The subgroup R 2 .G/ is a 2-Engel group, that is, OEx; y; y D 1 for all x; y 2 R 2 .G/. Thus R 2 .G/ is nilpotent of class at most 3, by [2] , and so it is of derived length at most 2. 
Furthermore, H is not solvable, so there is no upper bound on the derived lengths of the finite 2-groups H n D hx 1 ; : : : ; x n i R 2 .hx 1 ; : : : ; x n i/ that satisfy all conditions (1), (2), (3) and (4) above.
Proof of Theorem 1.2
The following is the key lemma of the paper.
Lemma 2.1. Let G be any group of exponent 4 and suppose that b 2 G is such that b 2 2 R 2 .G/. Then OEa; b; b 2 R 2 .G/ for all a 2 G. This means that, in every group G of exponent 4, every involution of the quotient G=R 2 .G/ has an abelian normal closure.
Proof. Let N be the freest group generated by elements a; b; c subject to the following relations:
(1) x 4 D 1 for all x 2 N , (2) OEb 2 ; x; x D 1 for all x 2 N .
